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INTEGRABILITY OF S-DEFORMABLE SURFACES:
CONSERVATION LAWS, HAMILTONIAN STRUCTURES
AND MORE
I.S. KRASIL′SHCHIK AND A. SERGYEYEV∗
Abstract. We present infinitely many nonlocal conservation laws, a
pair of compatible local Hamiltonian structures and a recursion operator
for the equations describing surfaces in three-dimensional space that
admit nontrivial deformations which preserve both principal directions
and principal curvatures (or, equivalently, the shape operator).
Contents
1. Introduction 2
2. Preliminaries 2
3. Infinite hierarchy of nonlocal conservation laws 3
4. Recursion operator and Hamiltonian structures 10
5. Compatible Hamiltonian structures in evolutionary representation 12
Acknowledgments 17
References 17
(IK) Independent University of Moscow, B. Vlasevsky 11, 119002 Moscow,
Russia & Mathematical Institute, Silesian University in Opava, Na Rybn´ıcˇku 1,
746 01 Opava, Czech Republic
(AS) Mathematical Institute, Silesian University in Opava, Na Rybn´ıcˇku 1,
746 01 Opava, Czech Republic
E-mail addresses: josephkra@gmail.com, Artur.Sergyeyev@math.slu.cz .
2010 Mathematics Subject Classification. 37K05, 37K10, 53A05.
Key words and phrases. Nonlocal conservation laws, Hamiltonian structures, recursion
operator, shape operator, Gauss–Codazzi equations, S-deformable surfaces.
∗Corresponding author.
1
2 INTEGRABILITY OF S-DEFORMABLE SURFACES
1. Introduction
The class of surfaces in three-dimensional space that admit nontrivial de-
formations which simultaneously preserve principal directions and principal
curvatures (or, equivalently, the shape operator, also known as the Wein-
garten operator) has [4] a long and distinguished history: it was studied
already by Finikoff and Gambier [6, 7] more than 80 years ago but the in-
vestigation of preservation of principal directions and principal curvatures
dates back to Bonnet [2, 3]. For the sake of brevity we shall refer to the
surfaces from the class in question as to the S-deformable surfaces.
Ferapontov [4] has established integrability of the corresponding Gauss–
Codazzi equations (1) by presenting the associated Lax pair with a non-
removable spectral parameter; cf. also [12] and references therein for the
general study of integrability of the Gauss–Codazzi equations.
A natural next step in the study of the equations in question, which we
rewrite in the form (2), is to explore their geometric structures naturally
related to integrability: symmetries, conservation laws, Hamiltonian struc-
tures and recursion operators.
In what follows we implement this program. Namely, after recalling the
explicit form of the equations under study and of their Lax pair in Section 2
we proceed to construct an infinite sequence of nontrivial nonlocal conser-
vation laws for (2) in Section 3, and a recursion operator along with a pair
of compatible local Hamiltonian structures in Sections 4 and 5.
2. Preliminaries
Consider the system [4] of the Gauss–Codazzi equations describing the
S-deformable surfaces
∂1H2 = β12H1, ∂2H1 = β21H2,
∂1β12 + ∂2β21 = 0, (1)
η1∂1β12 + η2∂2β21 +
1
2
η′1β12 +
1
2
η′2β21 +H1H2 = 0,
where η1 = η1(x) and η2 = η2(y) are arbitrary smooth functions.
Upon expressing βij via Hk we rewrite this system in the form
uyy =
1
2η
′
1v
2vx +
1
2η
′
2uvuy + (η1 − η2)uuyvy + u2v3
uv(η1 − η2) ,
vxx =
1
2η
′
1uvvx +
1
2η
′
2u
2uy + (η2 − η1)vvxux + u3v2
uv(η2 − η1) ,
(2)
where u = H1, v = H2. Its (complex) sl2-valued zero-curvature representa-
tion reads [4](
ψ1
ψ2
)
x
=
1
2
√
λ+ η1

i√λ+ η2 · uyv u
−u −i√λ+ η2 · uy
v

(ψ1
ψ2
)
, (3)
(
ψ1
ψ2
)
y
=
i
2
√
λ+ η2

−√λ+ η1 · vxu v
v
√
λ+ η1 · vx
u

(ψ1
ψ2
)
,
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where λ ∈ R.
For any zero-curvature representation of the form(
ψ1
ψ2
)
x
=
(
A11 A
1
2
A21 A
2
2
)(
ψ1
ψ2
)
,(
ψ1
ψ2
)
y
=
(
B11 B
1
2
B21 B
2
2
)(
ψ1
ψ2
)
we can (cf. e.g. [16] and references therein) consider the associated Riccati
covering
wx = A
1
2 + (A
1
1 −A22)w −A21w2,
wy = B
1
2 + (B
1
1 −B22)w −B21w2
where w = ψ1/ψ2; see e.g. [13] and references therein for more details on
(differential) coverings.
In particular, for (3) the Riccati covering is
wx = i
√
λ+ η2
λ+ η1
· uy
v
w +
u
2
√
λ+ η1
(1 + w2), (4)
wy = −i
√
λ+ η1
λ+ η2
· vx
u
w +
iv
2
√
λ+ η2
(1− w2).
By changing the parametrization λ = 1/µ2, µ > 0, we transform (4) to
wx = i
√
1 + η2µ2
1 + η1µ2
· uy
v
w +
uµ
2
√
1 + η1µ2
(1 + w2), (5)
wy = −i
√
1 + η1µ2
1 + η2µ2
· vx
u
w +
ivµ
2
√
1 + η2µ2
(1− w2).
3. Infinite hierarchy of nonlocal conservation laws
Consider the formal Taylor expansions
w = w0 + w1µ+ w2µ
2 + w3µ
3 . . . ,
w2 = w20 + 2w0w1µ+ (2w0w2 + w
2
1)µ
2 + 2(w0w3 + w1w2)µ
3 + . . . ,
1√
1 + η1µ2
= α10 + α
1
2µ
2 + · · ·+ α12kµ2k + . . . ,
1√
1 + η2µ2
= α20 + α
2
2µ
2 + · · ·+ α22kµ2k + . . . ,√
1 + η1µ2
1 + η2µ2
= α120 + α
12
2 µ
2 + · · ·+ α122kµ2k + . . . ,√
1 + η2µ2
1 + η1µ2
= α210 + α
21
2 µ
2 + · · ·+ α212kµ2k + . . . ,
where
αj2k =
(
−ηj
2
)k
(2k − 1)!!, j = 1, 2,
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and
αjl2k =
∑
a+b=2k
κ
+(κ+ − 1) . . . (κ+ − a+ 1)
a!
·κ
−(κ− − 1) . . . (κ− − b+ 1)
b!
ηaj η
b
l ,
where κ± = ±1/2 and j = 1, l = 2 or j = 2, l = 1.
Substituting these expansions into (5) and equating coefficients at powers
of µ, we obtain the following infinite tower of 1-dimensional coverings:
w0,x =
iuy
v
α210 w0,
w1,x =
iuy
v
α210 w1 +
u
2
α10(1 + w
2
0),
w2,x =
iuy
v
(α212 w0 + α
21
0 w2) + uα
1
0w0w1,
w3,x =
iuy
v
(α212 w1 + α
21
0 w3) +
u
2
(
α12(1 + w
2
0) + α
1
0(2w0w2 + w
2
1)
)
,
. . .
w2k,x =
iuy
v
(α212kw0 + α
21
2k−2w2 + . . . α
21
0 w2k)
+ u
(
α12k−2w0w1 + α
1
2k−4(w0w3 + w1w2)+
· · ·+ α10(w0w2k−1 + · · ·+ wk−1wk)
)
,
w2k+1,x =
iuy
v
(α212kw1 + α
21
2k−2w3 + · · · + α210 w2k+1)
+
u
2
(
α12k(1 + w
2
0) + α
1
2k−2(2w0w2 +w
2
1)+
· · ·+ α10(2w0w2k + · · ·+ 2wk−1wk+1 + w2k)
)
,
. . .
and
w0,y = − ivx
u
α120 w0,
w1,y = − ivx
u
α120 w1 −
iv
2
α20(w
2
0 − 1),
w2,y = − ivx
u
(α122 w0 + α
12
0 w2)− ivα20w0w1,
w3,y = − ivx
u
(α122 w1 + α
12
0 w3)−
iv
2
(
α22(w
2
0 − 1) + α20(2w0w2 + w21)
)
,
w2k,y = − ivx
u
(α122kw0 + α
12
2k−2w2 + · · · + α120 w2k)
− iv
(
α22k−2w0w1 + α
2
2k−4(w0w3 + w1w2)+
· · ·+ α20(w0w2k−1 + · · ·+ wk−1wk)
)
,
w2k+1,y = − ivx
u
(α122kw1 + α
12
2k−2w3 + . . . α
12
0 w2k+1)
− iv
2
(
α22k(w
2
0 − 1) + α22k−2(2w0w2 + w21)+
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· · ·+ α20(2w0w2k + · · ·+ 2wk−1wk+1 + w2k)
)
,
. . .
Apply the following gauge transformation in the above covering:
w0 = e
θ0 , wk = θke
θ0 , k > 0.
Then the latter transforms to
θ0,x =
iuy
v
α210 ,
θ1,x = uα
1
0 cosh θ0,
θ2,x =
iuy
v
α212 + uα
1
0θ1e
θ0 ,
θ3,x =
iuy
v
α212 θ1 + u
(
α12 cosh θ0 + α
1
0(θ2 +
1
2
θ20)e
θ0
)
,
. . .
θ2k,x =
iuy
v
X212k + uX
1
2k,
θ2k+1,x =
iuy
v
X212k+1 + uX
1
2k+1,
. . .
where
X212k = α
21
2k + α
21
2k−2θ2 + · · ·+ α212 θ2k−2,
X12k =
(
α12k−2θ1 + α
1
2k−4(θ3 + θ1θ2) + · · · + α10(θ2k−1 + θ1θ2k−2+
· · ·+ θk−1θk)
)
eθ0 ,
X212k+1 = α
21
2kθ1 + α
21
2k−2θ3 + · · ·+ α212 θ2k−1,
X12k+1 = α
1
2k cosh θ0 +
(
α12k−2(θ2 +
1
2
θ21) + α
1
2k−4(θ4 + θ1θ3 +
1
2
θ22)+
· · ·+ α10(θ2k + θ1θ2k−1 + · · · + θk−1θk+1 +
1
2
θ2k)
)
eθ0 ,
and
θ0,y = − ivx
u
α120 ,
θ1,y = −ivα20 sinh θ0,
θ2,y = − ivx
u
α122 − ivα20θ1eθ0 ,
θ3,y = − ivx
u
α122 θ1 − iv
(
α22 sinh θ0 + α
2
0(θ2 +
1
2
θ21)e
θ0
)
,
. . .
θ2k,y = − ivx
u
Y 122k − ivY 22k,
θ2k+1,y = − ivx
u
Y 122k+1 − ivY 22k+1,
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where
Y 122k = α
12
2k + α
12
2k−2θ2 + · · ·+ α122 θ2k−2,
Y 22k =
(
α22k−2θ1 + α2k−4(θ3 + θ1θ2)+
· · ·+ α20(θ2k−1 + θ1θ2k−2 + · · · + θk−1θk)
)
eθ0 ,
Y 122k+1 = α
12
2kθ1 + α
12
2k−2θ3 + · · ·+ α122 θ2k−1,
Y 22k+1 = α
2
2k sinh θ0 +
(
α22k−2(θ2 +
1
2
θ21) + (θ4 + θ1θ3 +
1
2
θ22)+
· · ·+ α20(θ2k + θ1θ2k−1 + · · · + θk−1θk+1 +
1
2
θ2k)
)
eθ0 .
Remark. The above complex covering can be reduced to the real form if we
set θk = pk + iqk, k = 0, 1, . . . , and consider real and imaginary parts of the
defining equations separately. In the particular case p0 = 0 we obtain a real
covering which is employed below (see Section 4) to construct a recursion
operator for symmetries of (2).
Thus, we have obtained an infinite tower of Abelian coverings
E E0
oo . . .oo E2koo E2k+1oo . . . ,oo
where E is the initial system (2) and Es is obtained by extending E with the
nonlocal variables θ0, . . . , θs. It only remains to prove that for any s ∈ N
the conservation law
ωs =
( iuy
v
X21s + uX
1
s
)
dx−
( ivx
u
Y 12s + ivY
2
s
)
dy (6)
is nontrivial on Es−1.
Denote by D
[l]
x , D
[l]
y the total derivatives on El, l ≥ 1.
Proposition 1. The only solutions of the system
D[l]x (f) = 0, D
[l]
y (f) = 0, f ∈ C∞(El), (7)
are constants.
Proof of Proposition 1 (Part I). The total derivatives on El have the form
D[l]x = Dx+
l∑
j=0
( iuy
v
X21s +uX
1
s
) ∂
∂θs
, D[l]y = Dy−
l∑
j=0
( ivx
u
Y 12s +ivY
2
s
) ∂
∂θs
,
where Dx and Dy are the total derivatives on E . Obviously, a function f ∈
C∞(El) is a solution to (7) if and only if
∂f
∂x
= 0,
∂f
∂y
= 0,
∂f
∂u
= 0,
and
l∑
s=0
X12s
∂f
∂θs
= 0,
l∑
s=0
Y 21s
∂f
∂θs
= 0,
l∑
s=1
X1s
∂f
∂θs
= 0,
l∑
s=1
Y 2s
∂f
∂θs
= 0.
(8)
We shall proceed with the proof after establishing Lemma 1. 
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Consider the vector fields
TXl =
l∑
s=1
X1s
∂
∂θs
, TYl =
l∑
s=1
Y 2s
∂
∂θs
on El and let
Zl = [[. . . [TXl, TYl], . . . ], TYl]︸ ︷︷ ︸
l−1 times
for l ≥ 2.
Lemma 1. For any l ≥ 2 we have
Zl =


α10(α
2
0)
l−1 ∂
∂θl
for even l,
α10(α
2
0)
l−1 cosh(θ0)
∂
∂θl
for odd l.
Proof of Lemma 1. Consider the formal series
Q =
1
2

1 + ∞∑
j=1
θjλ
j

2
and denote by Q[j] its coefficient at λ
j.
Assign to any monomial p = ϕ(θ0)θi1 . . . θir the weight
|p| = i1 + · · ·+ ir.
Then the quantities Q[j] are homogeneous and |Q[j]| = j. In addition, one
has
∂Q[j]
∂θi
=


1, if i = j,
θj−i if i < j,
0, otherwise
(9)
for any i ≥ 1.
Consider the vector fields
TX =
∞∑
s=1
X1s
∂
∂θs
, TY =
∞∑
s=1
Y 2s
∂
∂θs
on the space E∞ = liminvl→∞ El. Then obviously, TX|El = TXl, TY |El =
TYl and [TX, TY ]|El = [TXl, TYl]. These fields can be written as follows:
TX = α10
(
cosh(θ0)
∂
∂θ1
+ eθ0
(
(Q[1] + o(0))
∂
∂θ2
+ (Q[2] + o(1))
∂
∂θ3
+ . . .
· · ·+ (Q[l−1] + o(l − 2))
∂
∂θl
+ . . .
))
,
TY = α20
(
sinh(θ0)
∂
∂θ1
+ eθ0
(
(Q[1] + o(0))
∂
∂θ2
+ (Q[2] + o(1))
∂
∂θ3
+ . . .
· · ·+ (Q[l−1] + o(l − 2))
∂
∂θl
+ . . .
))
,
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where o(j) denotes terms of weight ≤ j. To simplify notation, we shall use
the short form
TX = α10
(
cosh(θ0)
∂
∂θ1
+ eθ0
(
Q[1]
∂
∂θ2
+Q[2]
∂
∂θ3
+ · · ·+Q[l−1]
∂
∂θl
+ . . .
))
+ o,
TY = α20
(
sinh(θ0)
∂
∂θ1
+ eθ0
(
Q[1]
∂
∂θ2
+Q[2]
∂
∂θ3
+ · · ·+Q[l−1])
∂
∂θl
+ . . .
))
+ o.
One readily checks that
[A+ o,B + o] = [A,B] + o
in all subsequent computations.
We shall now prove, by induction on l, that the fields
Zl = [[. . . [TX, TY ], . . . ], TY ]︸ ︷︷ ︸
l−1 times
are of the form
α10(α
2
0)
l−1
(
∂
∂θl
+ θ1
∂
∂θl+1
+ · · ·+ θj ∂
∂θl+j
+ . . .
)
+ o
if l is even and
α10(α
2
0)
l−1
(
cosh(θ0)
∂
∂θl
+ eθ0
(
Q[1]
∂
∂θl+1
+ · · ·+Q[j]
∂
∂θl+j
+ . . .
))
+ o
for odd l. The claim of Lemma 1 readily follows from these formulas for
Zl (please note, however, that the Zl in the statement of Lemma 1 are not
identical to those defined above).
Let l = 2. Then by virtue of (9) we have
Z2 = [TX, TY ]
=

cosh(θ0) ∂
∂θ1
+ eθ0
∞∑
j=1
Q[j+1]
∂
∂θj
, sinh(θ0)
∂
∂θ1
+ eθ0
∞∑
j=1
Q[j+1]
∂
∂θj

+ o
= α10α
2
0e
θ0 (cosh(θ0)− sinh(θ0))

 ∂
∂θ2
+
∞∑
j=1
θj
∂
∂θj+2

+ o
= α10α
2
0

 ∂
∂θ2
+
∞∑
j=1
θj
∂
∂θj+2

+ o.
For l = 3 one has
Z3 = [Z2, TY ]
=

α10α20

 ∂
∂θ2
+
∞∑
j=1
θj
∂
∂θj+2

 , α20

sinh(θ0) ∂
∂θ1
+ eθ0
∞∑
j=1
Q[j+1]
∂
∂θj



+o
= α10(α
2
0)
2eθ0

 ∂
∂θ3
+
∞∑
j=1
θj
∂
∂θj+3
+
∞∑
s=1
θs

 ∂
∂θs+3
+
∞∑
j=1
θj
∂
∂θj+s+3




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− α10(α20)2

sinh(θ0) ∂
∂θ3
+ eθ0
∞∑
j=1
Q[j]
∂
∂θj+3

+ o
= α10(α
2
0)
2eθ0

 ∂
∂θ3
+ 2
∞∑
j=1
Q[j]
∂
∂θj+3


− α10(α20)2

sinh(θ0) ∂
∂θ3
+ eθ0
∞∑
j=1
Q[j]
∂
∂θj+3

+ o
= α10(α
2
0)
2
(
cosh(θ0)
∂
∂θ3
+ eθ0
(
Q[j]
∂
∂θj+3
))
+ o.
The induction step also uses property (9) of the quantities Q[j] and is
accomplished by the computations quite similar to those given above. 
Let us complete the proof of Proposition 1.
Proof of Proposition 1 (Part II). We prove by induction on l that system (7)
possesses constant solutions only.
For l = 1, the equations are
Dx(f) + α
21
0
iuy
v
∂f
∂θ0
+ α10 cosh(θ0)u
∂f
∂θ1
= 0,
Dy(f)− α120
ivx
u
∂f
∂θ0
− α20i sinh(θ0)v
∂f
∂θ1
= 0,
where f is a function on E1, i.e., it may depend on jet variables as well
as on θ0 and θ1. Analyzing the coefficients of the fields Dx and Dy, one
immediately sees that f can depend on x, y, θ0, and θ1 only and from the
above equations it readily follows that f = const.
Assume now that the result is valid for some l > 1 and let f ∈ C∞(El+1)
be such that D
[l+1]
x (f) = D
[l+1]
y (f) = 0. Then, by (8),
TXl+1(f) = 0, TYl+1(f) = 0.
Consequently, Zl+1(f) = 0. Using Lemma 1, we see that
∂f
∂θl+1
= 0.
Thus, f is a function on El and it is constant by the induction hypothesis. 
Corollary 1. The conservation law ωs given by (6) is nontrivial on Es.
Proof. Indeed, if ωs = dhf , where dh = dx∧D[s]x +dy∧D[s]y is the horizontal
de Rham differential on Es then D
[s+1]
x (f−θs+1) = 0 and D[s+1]x (f−θs+1) =
0, which contradicts to Proposition 1. 
Thus we have constructed an infinite hierarchy of nonlocal conservation
laws ωs, s ∈ N, for (2).
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4. Recursion operator and Hamiltonian structures
It is readily checked that (2) possesses an Abelian covering S with the
fiber coordinates si defined by the formulas
(s0)x =
uy
v
, (s0)y = −vx
u
,
(s1)x = cos(s0)u, (s1)y = v sin(s0),
(s2)x = − sin(s0)u, (s2)y = v cos(s0).
Note that the conservation laws associated with si, i = 1, 2, are potential
conservation laws in the terminology of [14] and that we have θ0 = is0 and
θ1 = α
1
0s1 modulo the addition of arbitrary constants.
The following result is readily verified by straightforward computation.
Proposition 2. Suppose that U ,V and Si are fiber coordinates of the tangent
covering VS .
Then the tangent covering over (2) admits a Ba¨cklund auto-transformation
(i.e., a recursion operator for (2)) of the form
U˜ = η1U +
(
1
2
η′1 cos(s0) +
sin(s0)(η2 − η1)
v
uy
)
S1
+
(
−1
2
η′1 sin(s0) +
cos(s0)(η2 − η1)
v
uy
)
S2,
V˜ = η2V +
(
1
2
η′2 sin(s0)−
cos(s0)(η2 − η1)
u
vx
)
S1
+
(
1
2
η′2 cos(s0) +
sin(s0)(η2 − η1)
u
vx
)
S2.
(10)
Equations (10) define a recursion operator for (15) in the following fashion
(see e.g. [15, 17, 18, 23] and references therein for details).
Suppose (U, V )T is a symmetry shadow for (15) in a covering C over S
(here and below the superscript T indicates the transposed matrix). Then
we have a (possibly trivial) covering C ′ over C arising from substituting
our U and V into the equations defining Si. Under these assumptions (10)
defines a new symmetry shadow (U˜ , V˜ )T for (15) in C ′, i.e., we have a
recursion operator for (15).
Note that (10) was found using the method from [17]; cf. e.g. [15, 11, 19,
20, 23] for some other related techniques.
Starting with a simple seed symmetry like (0, 0)T yields, through the
repeated application of (10), an infinite hierarchy of shadows of nonlocal
symmetries for (2). It is an interesting open problem to find the minimal
covering in which it is possible to lift all these shadows to full-fledged non-
local symmetries of (2) and to find the commutation relations among these
nonlocal symmetries, cf. e.g. [21].
Moreover, one can readily establish the following result:
Proposition 3. System (2) admits (in a generalized sense of [9, 11, 13]) a
pair of compatible local Hamiltonian structures Pi of the form
Pi = fi,3DxDy +Dy ◦ fi,2 +Dx ◦ fi,1 + fi,0, i = 1, 2,
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where fi,j are 2× 2 matrices of the form
f1,3 =
(
1 0
0 −1
)
, f2,3 =
(
η1 0
0 −η2
)
f1,2 =


0 0
vx
u
+
vη′1
2u∆
−ux
u
− η
′
1
2∆

 ,
f2,2 =


η′1
2
0
η1vx
u
+
vη′1η2
2u∆
−η2ux
u
− η
′
1η2
2∆

 ,
f1,1 =


vy
v
− η
′
2
2∆
−uy
v
+
η′2u
2v∆
0 0

 ,
f2,1 =


η1vy
v
− η1η
′
2
2∆
−η2uy
v
+
η1η
′
2u
2v∆
0 −η
′
2
2


f1,0 =


η′1uy
2u∆
uxy
v
− uxuy
vu
− vxuy
v2
− η
′
1uy
2v∆
−vxy
u
+
vxvy
vu
+
vxuy
u2
− η
′
2vx
2u∆
η′2vx
2v∆


f2,0 =


−η
′
1vy
2v
+
η′1η2uy
2u∆
+
η′1η
′
2
4∆
(f2,0)12
(f2,0)21
η′2ux
2u
+
η1η
′
2vx
2v∆
+
η′1η
′
2
4∆

 ,
(f2,0)12 =
η2uxy
v
− η2uxuy
vu
+
η2vxuy
v2
− η
′
1η2uy
2v∆
− η
′
1η
′
2u
4v∆
,
(f2,0)21 = −η1vxy
u
+
η1vxvy
vu
+
η1vxuy
u2
− η1η
′
2vx
2u∆
− η
′
1η
′
2v
4u∆
,
and ∆ = η2 − η1.
Proof. Our system (2) is readily shown to be contact equivalent to an evo-
lutionary one (cf. Section 5 below). Consequently, system (2) is normal
and its cotangent covering (the ℓ∗-covering) is well-defined, cf. [11], and the
Schouten brackets of variational bivectors can be computed in any represen-
tation of the system under study. Let us employ to this end an evolutionary
representation.
Namely, let E denote now an evolutionary representation for our sys-
tem. Let ujσ be the jet variables on E and p
j
σ be the associated variables in
the fiber of the cotangent covering of E . Then to any differential operator
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∆ =
∥∥∥∑σ aijσDσ∥∥∥ in total derivatives acting from the space of symmetries
of E to that of cosymmetries of E there corresponds the function
W∆ =
∑
i,j,σ
aijσ p
j
σp
i (11)
on the space of the cotangent covering, see [8].
The operator ∆ is skew-adjoint (and to the function W∆ we can associate
a variational bivector, cf. [8]) if and only if [8]∑
j
δW∆
δpj
pj = −2W∆, (12)
while a variational bivector is a Poisson structure (and the corresponding
operator is Hamiltonian) if and only if [8]
δ
∑ δW
δuj
δW
δpj
= 0, (13)
where δ is the Euler operator.
Finally, two Poisson structures are compatible if and only if the associated
bivectors satisfy [8]
δ
∑
j
(
δW1
δuj
δW2
δpj
+
δW2
δuj
δW1
δpj
)
= 0. (14)
Identities (12)–(14), although quite complicated, are easily checked for the
quantities Wi associated to the counterparts of Pi for E by an appropriate
computer algebra software. 
The ratio of the Hamiltonian structures R = P2 ◦ P−11 is nothing but
the recursion operator (10) written in the pseudodifferential form, cf. e.g.
[1, 15, 16, 17, 24] and references therein. The compatibility of P1 and P2
implies that R is hereditary, cf. e.g. [1, 10] and references therein for details.
5. Compatible Hamiltonian structures in evolutionary
representation
In order to make contact with the standard theory of Hamiltonian struc-
tures, see e.g. [1] and references therein, we should rewrite (2) in evolutionary
form and find the counterparts of Pi for this new form.
First of all, in order to simplify further computations note [5] that in
general position we can without loss of generality assume that ηi = x
i.
To see this, introduce new independent variables x˜i = ηi(x
i), and let hi
stand for the inverse functions, i.e., xi = hi(x˜
i), and new dependent variables
H˜i such that Hi = η
′
iH˜i (no sum over i). Next, for i 6= j put β˜ij = ∂˜iH˜j/H˜i,
where ∂˜i = ∂/∂x˜
i.
We find that H˜i = H˜i(x˜
1, x˜2) satisfy
∂˜1H˜2 = β˜12H˜1, ∂˜2H˜1 = β˜21H˜2,
∂˜1β˜12 + ∂˜2β˜21 = 0,
x˜1∂˜1β˜12 + x˜
2∂˜2β˜21 +
1
2 β˜12 +
1
2 β˜21 + H˜1H˜2 = 0.
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The above system is, modulo the tildes, nothing but a special case of
(1) with ηi = x
i. Thus, in what follows we shall assume without loss of
generality that η1 = x
1 and η2 = x
2.
With this assumption in mind, we shall work below with the system
uyy =
1
2v
2vx +
1
2uvuy + (x− y)uuyvy + u2v3
uv(x− y) ,
vxx =
1
2uvvx +
1
2u
2uy + (y − x)vvxux + u3v2
uv(y − x) .
(15)
instead of (2).
In order to study the Hamiltonian structures admitted by (15), perform
the following change of variables: put z = (x + y)/2 and t = (x − y)/2.
Then (15) can be rewritten in an evolutionary form:
ut = p,
vt = q,
pt = −uzz + 2pz + uzvz
v
− (v + 2zq)uz
2vz
− (2zup − v
2)vz
2uvz
+
2u2v3 + uvp+ 2zupq + v2q
2uvz
,
qt = −vzz − 2qz + uzvz
u
+
(u2 + 2zvq)uz
2uvz
− (u− 2zp)vz
2zu
−2u
3v2 + u2p+ uvq − 2zvpq
2uvz
.
(16)
Introduce 4× 4 matrices gi of the form
g3 =


0 0 0 0
0 0 0 0
0 0 2(z + t) 0
0 0 0 2(t− z)

 ,
g2 =


0 0 2(z + t) 0
0 0 0 2(z − t)
−2(z + t) 0 3 (g2)34
0 2(t− z) −(g2)34 −3

 ,
where
(g2)34 = −(z − t)uz
v
− (z + t)vz
u
− (z + t)q
u
+
(z − t)p
v
,
g1 =


−2(z + t) 0 1 (g1)14
0 2(z − t) −(g1)14 1
−3 −(g1)14 (g1)33 (g1)34
(g1)14 −3 (g1)43 (g1)44


where
(g1)14 =
(z − t)uz
v
− (z + t)vz
u
− (z + t)q
u
− (z − t)p
v
,
(g1)33 = 2(z + t)
(
−uzvz
uv
− quz
uv
+
pvz
uv
+ 2
v2
z
+
pq
uv
)
,
14 INTEGRABILITY OF S-DEFORMABLE SURFACES
(g1)34 =
(z − t)uzz
v
− 3(z + t)vzz
u
+
(z(3v2 − u2) + t(u2 + 3v2))uzvz
u2v2
+ 3
(z + t)(quz − uqz)
u2
− ((t− z)up + 2v
2)vz
v2u
+
(t− z)pz
v
− 2u
2v + q
u
,
(g1)43 = 3
(z − t)uzz
v
− (z + t)vzz
u
+
(3(t− z)u2 + (t+ z)v2)uzvz
u2v2
+
(2u2 + (z + t)vq)uz
u2v
+ 3
(z − t)(pvz − vpz)
v2
− (z + t)qz
u
− 2uv
2 + p
v
,
(g1)44 =
(t− z)
(t+ z)
(g1)33 + 4
(u2 + v2)(z − t)
z
,
and
g0 =


−1 (g0)12 (g0)13 (g0)14
−(g0)12 1 (g0)23 (g0)24
−(g0)13 (g0)32 (g0)33 (g0)34
(g0)41 −(g0)24 (g0)43 (g0)44

 ,
where
(g0)12 =
(z − t)uz
v
+
(z + t)vz
u
+
(t− z)up + (t+ z)vq
uv
,
(g0)13 = −(z − t)u
2
z
v2
− (z + t)uzvz
uv
− (2(t − z)up+ (z + t)vq)uz
uv2
+
(z + t)pvz
uv
+
(z + t)uv4 + z(t− z)up2 + z(z + t)vpq
v2uz
,
(g0)14 = −2(z + t)vzz
u
+ 2
(z + t)uzvz
u2
+ 2
(z + t)quz
u2
− vz
u
− 2(z + t)qz
u
− zu
2v + tu2v + zq
zu
,
(g0)23 = −2(z − t)uzz
v
+ 2
(z − t)uzvz
v2
− uz
v
− 2(z − t)pvz
v2
+ 2
(z − t)pz
v
+
(z − t)uv2 + zp
vz
,
(g0)24 = −(z − t)uzvz
uv
− (z + t)v
2
z
u2
− (z − t)quz
uv
− ((t− z)up+ 2(z + t)vq)vz
u2v
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− (z − t)u
4v + z(t− z)upq + z(z + t)vq2
zu2v
,
(g0)32 =
(z − t)uzz
v
+
(z + t)vzz
u
− (zu
2 − tu2 + zv2 + tv2)uzvz
u2v2
− (z + t)quz
u2
+
((z − t)up+ v2)vz
uv2
− (z − t)pz
v
+
(z + t)qz
u
+
(t− z)u2v + zq
zu
,
(g0)33 = −(z + t)vzuzz
uv
− (z + t)(q + vz)uzz
uv
+
(z + t)pvzz
uv
+
(z + t)u2zvz
u2v
+
(z + t)uzv
2
z
uv2
+
(z + t)qu2z
u2v
+
((z + t)(uq − vp)− uv)uzvz
u2v2
− (z + t)uzqz
uv
− (z + t)pv
2
z
uv2
+
(z + t)vzpz
uv
− q(u+ (t+ z)p)uz
u2v
+
(4(z + t)uv3 + zvp− z(t+ z)pq)vz
zuv2
+
(z + t)(qpz + pqz)
uv
+
z2pq − 2tuv3
z2uv
(g0)34 = −2(z + t)vzzz
u
+ 2
(z + t)(q + vz)uzz
u2
− 3vzz
u
+ 4
(z + t)uzvzz
u2
− 2(z + t)qzz
u
− ((t− z)u
2 + 4(t+ z)v2)u2z(vz + q)
u3v2
+
(z + t)uzv
2
z
u2v
+
(2(t− z)up + 3v2 + 2(t+ z)vq)uzvz
u2v2
+ 4
(z + t)uzqz
u2
− (z + t)pv
2
z
u2v
+
((z + t)u4v − (z + t)u2v3 + 2z(t− z)upq + 3zv2q + z(z + t)vq2)uz
u2v2z
− ((t+ z)u
3v2 + (t+ z)uv4 + z(t− z)up2 + 2z(z + t)vpq)vz
u2v2z
− 3qz
u
− z(z − t)u
4vp− 2tu3v3 + z(z + t)uv4q + z2(t− z)up2q + z2(z + t)vpq2
v2z2u2
,
(g0)41 = (g0)32 +
uz − p
v
− vz + q
u
+ 2uv,
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(g0)43 = 2
(z − t)uzzz
v
− 4(z − t)vzuzz
v2
+ 3
uzz
v
+ 2
(z − t)pvzz
v2
− 2(z − t)uzvzz
v2
− 2(z − t)pzz
v
− (z − t)u
2
zvz
uv2
− (4(t − z)u
2 + (t+ z)v2)uzv
2
z
u2v3
− (z − t)qu
2
z
uv2
− 2(z + t)quzvz
u2v
+ 2
(z − t)puzvz
uv2
− 3uzvz
v2
+
(4(t− z)u2 + (t+ z)v2)pv2z
u2v3
+ 4
(z − t)vzpz
v2
− (z − t)(u
2 + v2)uz
vz
− (z + t)q
2uz
u2v
+ 2
(z − t)pquz
uv2
+
((t− z)u2 + (t+ z)v2)vz
zu
− (z − t)p
2vz
uv2
+ 2
(z + t)pqvz
u2v
+ 3
pvz
v2
− 3pz
v
+
(z − t)u2p
vz
− 2utv
z2
+
(z + t)v2q
zu
− (z − t)p
2q
uv2
+
(z + t)pq2
u2v
,
(g0)44 =
(z − t)vzuzz
uv
+
(z − t)quzz
uv
− (z − t)pvzz
uv
+
(z − t)uzvzz
uv
− (z − t)u
2
zvz
u2v
− (z − t)uzv
2
z
uv2
− (z − t)qu
2
z
u2v
− (z − t)quzvz
uv2
+
uzvz
uv
+
(z − t)puzvz
u2v
+
(z − t)uzqz
uv
+
(z − t)pv2z
uv2
− (z − t)vzpz
uv
+
uzq
uv
+
(z − t)pquz
u2v
+ 4
(z − t)uuz
z
− pvz
uv
+
(z − t)pqvz
uv2
− (z − t)qpz
uv
− (z − t)pqz
uv
+ 2
tu2
z2
− pq
uv
.
It is readily checked that the operator P =
3∑
i=0
giD
i
z is a local Hamiltonian
operator and the flow (16) preserves P. Moreover, as P is linear in t, the
operators P and ∂P/∂t form a Hamiltonian pair and are both preserved
by the flow (16), cf. e.g. [22, 25] and references therein. Clearly, P is the
counterpart of P2 while ∂P/∂t is the counterpart of P1 for (16).
As P explicitly depends on t while the right-hand side of (16) does not,
Lemma 3.8 from [1] implies that there exists no functional H such that
(16) would be Hamiltonian with respect to P with the Hamiltonian H .
Hence (16) cannot be written in a bihamiltonian form with respect to the
Hamiltonian pair under study.
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On the other hand, (16) is Hamiltonian with respect to ∂P/∂t, that is,
we can write (16) in the form
ut =
∂P
∂t
(
δH
δu
)
,
where u = (u, v, p, q)T , T indicates the transposed matrix, and H =
∫
h dz,
h =
zu2z
v2
+
zv2z
u2
− 2 zpuz
v2
+ 2
zqvz
u2
− (u− v) (v + u) +
(
q2v2 + u2p2
)
z
u2v2
.
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